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Abstract 

Basic properties of Uhlmann's partial fidelities are discussed. Statisti- 
cal interpretation in terms of POVM measurements is established. Mul- 
tiplicativity properties are considered. The relationship between partial 
fidelities and partitioned trace distances is derived. As it is shown, the 
partial fidelities cannot decrease under unistochastic quantum operations. 
Thus, the partial fidelities have good properties in the sense of their use 
as distinguishability measures. 

PACS: 03.67.-a, 03.65.Ta 



1 Introduction 

The concept of fidelity provides a very useful measure of distinguishability 
[U [21 [3] . It is well known that all the devices for quantum information pro- 
cessing are inevitably exposed to noise [J. Therefore, the pure states used by 
us will eventually evolve to mixed states. Thus, good distance measures between 
mixed quantum states are needed for comparison of real and ideal processes . 
For example, different measures of distinguishability were utilized for study of 
probability simplex [6], quantum entanglement [7], approximate broadcasting 
[5] and quantum circuit complexity [S]. If states are pure then comparison of 
them is not difficult. In contrast, there exist many ways to compare two mixed 
quantum states. 

Both the fidelity and the trace distance are extensively utilized as measures of 
distinguishability [4l[T^. However, these two measures are not able to pose the 
problem of state closeness in all respects. For instance, the equality of fidelities 
for two pairs of density operators does not imply their unitary equivalence [llj . 
The justified answer is provided by use of the partial fidelities [TT]. In the 
literature, other fidelity measures between quantum states have been discussed 
[Hun]. There are also some closely related measures such as the Bures distance 
[H [7] , the angle [U [14] , the Monge distance [15] and the sine distance [16] . 

In principle, reasons for use of one or another distance measure are espe- 
cially based on main properties of the measure. These properties are usually 
connected with the measurements, behaviour under quantum operations and 
the convexity (concavity) in inputs. For convenience, they must provide useful 
mathematical tools for the work. In addition, the properties should have clear 
physical interpretation. In the present paper, we discuss the partial fidelities 
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introduced by Uhlmann. In Rcf. [11 Uhlmann paid key attention to the equiva- 
lence of pairs of mixed states under invertible transformations of the state space. 
The aim of the present work is to analyze partial fidelities in those respects that 
are not considered in Ref. [TT]. In particular, quantum-classical relations and 
behaviour under quantum operations are examined. 

2 Definitions and background 

In this section, we shall briefly review necessary facts from linear algebra. Then 
the basic definitions will be given. Let Ti be d-dimensional Hilbert space. By 
supp(X) we denote the support of operator X. Putting an inner product function 
for operators on 7i, we define 

(X,Y)h, :=tr(XtY) . (1) 

This is the Hilbert-Schmidt inner product of operators X and Y [T7j. For any 
operator X on Ti. the operator X^X is positive, that is (V'|X'^X|^/;) > for all 
IV') G 'H. The operator |X| is defined as unique positive square root of X^X. 
The eigenvalues of operator |X| counted with their multiplicities are named 
singular values of operator X |17[ I18j . As a rule, we will deal with eigenvalues 
of Hermitian operator. So these eigenvalues are real numbers. In the text, the 
eigenvalues of operator X are assumed to be indexed in decreasing order^ that is 

spec(X) - {Ai(X) > A2(X) > • • • > Ad(X)} . (2) 

The singular values of X are then denoted by si(X) > • • • > Sd(X). So the 
fc- fidelity between two mixed states is defined as follows [TI] . 

Definition 1. The k-th partial fidelity between density operators p and lj is 
the sum of {d — k) smallest singular values of ^J^^/uj, that is 

Fkip,i^) ■=y2-^L Ssi^fP^) ■ (3) 

Uhlmann showed [llj that the partial fidelities are symmetric, unitarily in- 
variant and jointly concave. The proof of joint concavity is based on the follow- 
ing result. We consider all the pairs {X, Y} of positive operators that satisfy 

XYX = X , (4) 
YXY = Y . (5) 

It have been shown that rank(X) — rank(Y) = rank(XY) [TT]. Then the k-ih 
partial fidelity can be expressed as [H] 

inf {tr(pX) + tr(c.Y)} , (6) 

where the infimum is taken over all the above pairs of rank (d — k). In general, 
the sign "inf cannot be replaced by the sign "min" in Eq. In the case k — 0, 
Definition 1 is reduced to the well-known formula for usual fidelity. Indeed, we 
obtain ^ 

Fo{p,uj) = V . ^ Sj(7p\^J) = trlT^V^I , (7) 
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and the latter is the fidehty [H \W\ . The square of this value was introduced by 
Uhlmann as "transition probability" between two states [T]. Note that Jozsa 
[3] used the word "fidelity" just for Uhlmann's transition probability. This is 
more convenient in some tasks of quantum information processing, for instance 
in quantum cloning [14|, I20j . However, in the present paper we shall use the 
term "fidelity" for the expression in Eq. ([7]). In the physical literature the basic 
properties of fidelity are usually given by staying in finite dimensions. But they 
hold in much more generality [21j . 

Distinguishability measures between quantum states are closely related to 
the classical distinguishability measures. Let {pi} and {qi} be two probability 
distributions over the same index set. The fidelity between these distributions 
is defined by [H [12] 

^ipi.qi) -^^.y/ptql ■ (8) 

There is a direct analogy between the right-hand side of Eq. ([7]) and the right- 
hand side of Eq.®. Let integer r denote the cardinality of the sets {pi] and 
{qi\. In the same manner, the classical fc-fidelity can be introduced as the sum 
of (r — k) smallest numbers ^/piql- 

Definition 2. The k-th partial fidelity between probability distributions {pi} 
and {qi} is defined by 

H{pt,qi) , ^/p^q^^ ■ (9) 

^ — ^ i>k 

where values ^Jpiql'^ '""6 indexed in the decreasing order. 

Like the standard fidelity, the quantum fc-fidelity are closely related to the 
classical /c-fidelity for commuting density operators p and oj. In this simple 
case the two density operators are diagonal in the same orthonormal basis 
namely 

p = E.M»N)(*l, (10) 
^^E.^.NX^I- (11) 

The operator ~Jp\fu} = X^i VmT^ singular values y/i^iVi ^ . Due to 

Definitions 1 and 2, we at once obtain 

Fkip,UJ)^Tki^^^,ly^) . (12) 

In the next section, a connection between quantum and classical will be given 
in terms of quantum measurements. 

Now we write down some simple properties of A:-fidelity. These facts are 
based on the following easy reason. Let {oi} be a set of r positive numbers 
arranged in the decreasing order. We then define two quantity 

■■= Y.l<^<k ' (13) 

5fc:=Efc+i<.<.a» • (14) 

When the index i ranges the empty set, any sum is assumed to be zero. 
Lemma 3. For all k = 0,1, ... ,r, there holds 

[k + l)Ak > kAk+i , (15) 
{r-k- l)Bk >{r- k)Bk+i . (16) 
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Iterating Eq. p^ . we see that both the classical and quantum partial fideli- 
ties obey 



^k{Pi,qi)< ^o{Pi,qi) , Fk{p,u}) < —J— Fo{p,uj) . (17) 

r a 

Since O-fidelity does not exceed one, we have gi) < {r^k)/r and Fk{p,uj) < 

[d— k)/d. The last two inequalities are saturated if and only if {pi] = {qi] and 
p = u. Further, !Fk{pi, qi) = for all k, if and only if the distributions do not 
overlap at all. Similarly, Fk{p,uj) = for all fc, if and only if the subspaces 
supp(p) and supp(ijj) do not intersect. 



3 Quantum-classical relations via measurement 

In this section, we provide a statistical interpretation for partial fidelities be- 
tween density operators. Reasons are formulated in terms of probabilities gen- 
erated by a quantum measurement. A general form of quantum measurement 
is described by so-called "positive operator- valued measure" (POVM). Recall 
that POVM {Mm} is a set of positive operators M™ satisfying the completeness 
relation 

J2 M™-1> (18) 

where 1 is the identity operator on the space H [22]. For two density operators, 
the traces tr(Mmp) = Pm and tr(MmCLi) = qm are the probabilities of obtaining 
a measurement result labeled by m. Measuring concrete observable, we are con- 
cerned with projective measurement described by so-called "projection valued 
measure" (PVM) 

The explicit statistical interpretation for the fidelity was derived in Ref. [TH] . 
The authors of Ref. [H] showed that the fidelity satisfies 

F{p,uj) = min T{p„i,q,n) , (19) 

where the minimization is over all POVMs. So, the quantum fidelity is achiev- 
able lower bound for the classical fidelity generated by measurement. By rele- 
vant modification, this property can be extended to partial fidelities. Before the 
assertion, we recall a useful fact from matrix theory. In the seminal paper j23| 
Ky Fan obtained a lot of connected results with respect to extremal properties 
of eigenvalues. One of his formulations is now known as Ky Fan's maximum 
principle |18| . This principle is one of important results in majorization theory 
[21] . In our notation, the second part of Theorem 1 of Ref. [23] says that for 
any Hermitian operator X 

. Aj (X) = min{tr(nX) : rank(n) = d - k} , (20) 

where the minimum is taken over all projectors fl of rank {d — k). For positive 
X, the condition can be replaced by rank(n) > d — k. (Recall that we assume 
the decreasing order of eigenvalues.) The minimum is obviously reached by the 
projector flmin onto the subspace corresponding to (d — k) smallest eigenvalues 
of operator X. Modifying the reasons given in Ref. [23], we can state that for 
positive X, 

Aj(X) = min{tr(TX) : < T < 1, tr(T) > fc} , (21) 
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where the minimization is over those positive operators T that obey T < 1 and 
tr(T) > d — k. We do not enter into details here. 

Theorem 4. // all the POVM elements satisfy tr(M„j) > 1, then for arbi- 
trary two density operators p and lo there holds 

Fk (p, t^) < ^fc bm , Qm) ■ (22) 

Proof. By the polar decomposition , there is | y/py^\ = y^y^V for some 
unitary V. It is known that operators XY and YX have the same eigenvalues 
(see, for instance, Exercise A6.5 in Ref. [1]). Therefore, we have 

spec(|7pVt^|) = spec(\/t^ V^p) . (23) 

For given POVM {Mm} and two density operators p and ui, we rearrange POVM 
elements with respect to the decreasing order of numbers y^Pmlm ^ ■ Let us define 
new positive operator 

TM = E,.>.Mi. (24) 

Due to the completeness relation, one obeys Tm < 1- Each of {d — k) terms in 
Eq. (jM]) has trace exceeding one, whence tr(TAf ) > d — k. Due to Eqs. (PT|) 
and ([13]), we can write 

Fkip,u)<triJMV^yVp)^y] tr(V^M,iV^V) . (25) 

^ — ^ 7n > k 

Let us define operators A,„ = (M^)^/^^^/^ and B„ = (M^)!/^^^/^ V. In Eq. 
(|25p each term of the sum is the Hilbert-Schmidt inner product (Am,Bm)hs 
satisfying 

(26) 

Using the cyclic property of the trace, we have 

= tr(M/„p) , (27) 
(B„„ B„,)hs = tr(M^cc;) . (28) 

Together with Eq. the last equalities imply that 

E |tr(V^Mi,V^V)|<E Vm;:^- (29) 

Inequalities ([25]) and ((29|) provide Eq. ([22|l for every POVM whose elements 
fulfill the precondition tr(M,„) > 1. ■ 

For the 0-fidelity, the lower bound J^o{Pm,Qm) can be reached by some 
POVM's [Hm]. For invertible p, the optimal POVM is formed by one-rank 
projectors Pm — \'ni){m\, where \m) is eigenstate of positive operator R = 
P~^^^\\/pV^\p~^^^ ■ Here we have a proportionality 

A„,(R) PmVP= PmV^V . (30) 

Therefore, the Schwarz inequality (|26p is fulfilled with equality for all m. How- 
ever, this is not sufficient for partial fidelity of order k > 0. To saturate inequal- 
ity imi . we must also provide the equahty in Eq. ((151) . But the operator 
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is not the projector flmin with necessity. When Tp = flmin for all fc, the oper- 
ators R and ly^i/tJI are simultaneously diagonalizable. Thus, the operators R 
and ly^y^p = y/]}ujyfp are commuting, whence 

p wIVpV^I = I^V^Ip w • (32) 

So we have arrived at a conclusion. If the inequality (|22p can be saturated for 
all fc = 0, . . . , d — 1, then the operators puj and ly/p-y/wl ^'^^ commuting. 

It should be pointed out that the precondition tr(M,„) > 1 of Theorem 4 is 
necessary. Indeed, for POVM with several elements of the form = e \m){m\ 
proper fidelities J^kiPmi Im) can be made arbitrarily small independently of 
Fk{p,uj). But such POVM's can unlikely be interesting in the practice. For 
many applications of quantum information we primarily deal with projective 
measurements [1]. The statement of Theorem 4 holds for all the projective mea- 
surements. From the operational point of view, the attainability of the lower 
bound in Eq. ([52]) is hardly essential. In quantum information processing, we 
usually have only partial knowledge about quantum states. So the measurement 
optimizing Eq. p9p cannot be found a priori. In this situation the right-hand 
sides of Eqs. and ([2^ provide measurable estimates from above on the 

quantum fidelities. 

4 Sub— multiplicativity and relation with trace 
distances 

It is usual in the study of quantum information that one deals with composite 
systems [U I17j . Here the multiplicativity of fidelity makes this measure very 
convenient to use. That is, if p and ui are density operators on Ha, © and 
are density operators on He, then 

Fo{p<»e,uj<»n) = Fo{p,uj)Fo{e,fi) . (33) 

The authors of Ref. 13J introduced two quantity, namely sub-fidelity and super- 
fidelity. These measure are easier to experimental measurement than the fidelity. 
The sub-fidelity and super-fidelity provide the lower and upper bounds on the 
fidelity respectively. In terms of super-fidelity the strong lower bound on the 
trace distance has been established |26j . The sub-fidelity is sub-multiplicative, 
the super-fidelity is super- multiplicative [13] . We shall now find analogous prop- 
erty for the partial fidelities. 

There is simple property of singular values with respect to the operation 
of tensor product [T7]. Namely, the singular values of tensor product of two 
operators are the products of all pairs consisting of a singular value of first and 
a singular value of second operator. A justification is the following. Recall that 
for arbitrary four operators of proper dimensionality there holds |17j 

(X(8)e)(Y®J7) = (XY)«)(ef7) . (34) 

Using this property and VX <S> O = a/X (g) \/8, we at once obtain 

|x (g) e| = y^(x «) e)t(x » e) = (xtx) » (ete) = |x| « |e| . (35) 
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In the same manner, we also have 



^Jp(g)Q = y/pV^ (E> VQV^I. . (36) 

Let \x) be eigenvector of |X|, and let \6) be eigenvector of |9|. By Eq. ((55)) . the 
product \x)^\9) is eigenvector of |X(g)0|. So we get the following. If d numbers 
Sj(X) are singular values of operator X, N numbers Si{Q) are singular values of 
operator 0, then dN products 

sj,(x®e) = sj(x)s,(e) (37) 

give all the singular values of operator X (g) in a priori unknown order. In 
accordance with Definition 1, we have 

F(,„fc)(p,c.) F(^_i)(e,i]) = Etd-fc+i Ejl^_i+i sliVeVn) . 

(38) 

Due to Eqs. and (|57)l. the right-hand side of Eq. ([55]) keeps a sum 

of fcL singular values of operator y/p (g) VaT^TI. The partial fidelity of order 
(dA^ — kL) between p^Q and u ^il does not exceed this sum. So, there holds 

J^(dJV-fcL) {p<E)e,io<E>n) < F(rf_fc) (p, c^) F(Ar_L) (9, r!) . (39) 

Therefore, the partial fidelities are sub-multiplicative in the sense of Eq. ([39|) . 
When k ^ d and L = N, the right-hand side of Eq. ([55]) summarized all the 
singular values of operator -y/p (g) 9 (g) SI. So, the inequality ((5^ is replaced 
by Eq. (j33p . Thus, the multiplicative property of partial fidelities is more 
complicated in character. In general, this is not unexpected. 

On a level with properties of some measure itself, the relationships between 
different measures of distinguishability are very interesting. It is well-known 
that the fidelity and the trace distance are related by the inequalities [5S] 

1 - F(p, Lo) < Dip, io)<^l- F[p, uY . (40) 
Here the trace distance between density operators p and uj is defined by 

D{p,u:):^]^ir\p~u\. (41) 

There is an alternative definition via extremal properties of quantum operations 
[29j . Therefore, these measures may be considered to be equivalent for many 
applications [H [17] . A relative analog of the above relationship can be obtained 
in terms of partitioned trace distances. In Ref . [27] , the present author imported 
this family of new distances between mixed quantum states. For k — 1, . . . , rf, 
the Ky Fan /c-norm of operator X is defined by [TS] 

where singular values are assumed to be indexed in decreasing order. The /c-th 
partitioned trace distance between density operator p and uj is introduced as 

Dkip,uj) i cj||(fc) . (43) 
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The partitioned distances succeed many properties of the standard trace dis- 
tance, namely the unitary invariance, the strong convexity and the bounds. In 
Ref. [57]) the present author also defined the fc-th classical distance between 
two probability distributions {pi} and {qi} as 

where the arrows down indicate that the absolute values are put in the decreas- 
ing order. Using the Ky Fan maximum principle, we can prove that |27j 

Dk{p,uj) = max{I?fc(p„,g„) : tr(M„J < 1} , (45) 

where the maximum is taken over all POVMs {M,„} whose elements satisfy 
tr(M,„) < I. The maximum in Eq. (|45|) is reached by one-rank PVM {Qm} 
associated with the Jordan decomposition of difference (p—uj) [57j. We rearrange 
elements of this optimal PVM with respect to the decreasing orders of numbers 
\Pm — Qm\^- Let us define projector fl' of rank {d — k) by 

Putting X = n' and Y = Fl', we satisfy Eqs. (g]) and Due to Eq. we 
then have 

2Fk{p,Lu) < tr(n'p) + tr(n'cj) 

fe fe 



m—l 771—1 
,fe 



< 



2-E Jp™-?"!^- (47) 



By choice of optimal PVM, the right-hand side of Eq. ((T7|) is equal to quantity 
(2 — 2 Dk{p,uj)). Hence we obtain 

Fk{p,uj) + Dk{p,uj)<l . (48) 

This inequality should not be confused with inequalities (|40p which contain 
Fo{p,uj) and Dd{p,uo). Using Eq. p5|) . we easily derive that 

-Vrip^,q^) < Vk{p^,q^) , ^ Dd{p,Uj) < Dk{p,Uj) . (49) 

r a 

By Eq. ^T7\ . the fc-th partial fidelity is bounded from above. By Eq. (I49p . the k- 
th partitioned trace distance is bounded from below. So the inequality (|48p is not 
trivial, although it differs from inequalities (|40p in character. Thus, if the fc-th 
partial fidelity between two states is close to one then the fc-th partitioned trace 
distance is close to zero. In the mentioned sense, these measures of closeness for 
quantum states can be regarded as equivalent. 



5 Monotonicity under unistochastic quantum op- 
erations 

One of the basic properties of the fidelity is that fidelity cannot decrease under 
trace-preserving quantum operation ^5]. This property is usually referred to 
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as the monotonicity under quantum operations [1]. In this section we show 
that the partial fidehties possess the same monotonicity but with respect to 
unistochastic operations. From the physical point of view, the most general 
operation on the principal system A is to allow A to interact unitarily with 
A'^-dimensional environment E in a standard (normalized) state. The final state 
of A is then obtained by the operation of partial trace. Let Q denote the initial 
standard state of environment. A linear map £ is defined by 

£{p) :=tr£(U(p®e)U^) , (50) 

where unitary operator U acts on the space 'Ha®'He and the trace is taken over 
space He of environment. This is environmental representation of the map [7]. 
It is commonly to check that the above map is linear and completely positive. 
Due to the properties of the trace and tr£;(8) = 1, one also holds 

tiAi£{p)) = tr^(p) trB(e) = tr^(p) . (51) 

So the map £ is trace-preserving. For all the normalized inputs p, we have 
tr a{£{p)) = 1- This gives the probability that the described physical process 
occurs. Thus, the considered process is deterministic. Trace-preserving com- 
pletely positive maps are known under various names [7]: deterministic quan- 
tum operations, quantum channels, stochastic maps. The important case of Eq. 
(|50p is given, when the initial state of the environment is maximally mixed, 
Q = 1e/N. Such quantum channels are called unistochastic [7j. Their physical 
reason is natural. With no knowledge about the environment, one assumes that 
it is initially in the maximally mixed state. Unistochastic quantum operation is 
analog of classical transformations given by unistochastic matrices j£j . It is clear 
that unistochastic channels leave the maximally mixed state lA/d invariant. So 
they are unital maps. In the one-qubit case, both the depolarizing and phase 
damping channels are unistochastic. 

Like the fidelity [53], the monotonicity of partial fidelities is based on their 
behaviour under the operation of partial trace. Let pA and lua be density 
operators obtained as traces 

PA^tvEip), (52) 
UA = trE{oj) , (53) 

from density operators p and uj on the space Ha ®'He- To find the necessary 
property, we consider the quantity 

Gfe(p^,w^|X,Y) =trA(pAX)+tr^(u;^Y) , (54) 

where positive operators X and Y obey Eqs. dU and (O, rank(X) — rank(Y) — 
d — k. We now put the operators 

X=X(g)lE, (55) 
Y:=Y(g)l£;, (56) 

with the identity 1b on the environment space. They satisfy XYX — X and 
YXY = Y. Due to the properties of partial trace [IKlTj, we have 

tr(p (X ® 1e)) = tr A{tTE{p) X) , (57) 
tr(2 (Y (g) 1b)) = trAitrsi^) Y) . (58) 
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Therefore, the quantity Gfc(pyi, w^jX, Y) is equal to the quantity 

G^kN) (P, i-IX, Y) = tr(p X) + tr(5 Y) . (59) 

Hence we obtain the equahty 

M{Gk{pA,^A\y^,y)}=ini{G^kN){p,^\X,Y) : X = X® 1^, Y = Y® l^} . (60) 

We also note that rank(X) = rank(Y) = {d~k)N. So we can apply the Uhlmann 
result (O to both the sides of Eq. ^U^). The left-hand side of Eq. ((101) is doubled 
/c-fidelity Fk{pAT'-^A)- The right-hand side of Eq. (|60p is conditional infimum 
which is larger than or equal to 2 i^j-^,^) (p, cD). That is, we have proved 

Fk{trE{p),tTE{^)) > F(kN){p,^) ■ (61) 

For A: = we have the well-known result that the fidelity cannot decrease under 
operation of partial trace [25]. This provides the intuitive reason that objects 
become less distinguishable when only partial information is available |;4;. In 
general, the partial fidelities enjoy less property. But we are able to establish 
the following result. 

Theorem 5. // the map £ is unistochastic then for all k = 0, 1, . . . , d — 1 
and any two inputs p and u there holds 

Fk[£{p),£{Lo))>Fk{p,Lo). (62) 

Proof. Each unistochastic operation can be written in the form (jSU]) with 
Q = 1e/N. Using the multiplicative properties, we see that singular values 



Sji(\/p«) BVw «) 6) = Sj{^y/uj)si{e) = — sj{^y/uj) . (63) 

Hence the sum of {d — k)N smallest numbers Sji is equal to the sum of {d — k) 
smallest numbers Sj{y/py^), that is 

i^(fcAr)(p®e,c^®e) =Ffc(p,u;) . (64) 

Due to the unitary invariance, we have 

i^(fcjv)(p'^e,c^®e) = (u(p(»e)u^u(cc;® e)ut) . (65) 

By partial trace operation and Eq. , we obtain Eq. ([H^ . ■ 

Note that the choice & — 1e/N is necessary for validity of Eq. (|64|) for 
all inputs. Indeed, there is no reasons to think that partial fidelities enjoy the 
whole of properties of the fidelity. We now show that the monotonicity of partial 
fidelities is violated under the amplitude damping with 7 G (0; 1). In the Bloch 
representation, the effect of amplitude damping is expressed as [1] 

{u^,Uy,u^)\ — > (^m^ja/I - TjMyVl - 7:7 + "^(1 ~ 7)) ■ (66) 

Here u denotes the Bloch vector of input density matrix. Choose two inputs 
p = (1/2){1 -I- vaz} and lo — (1/2){1 -t- wcr^}, where CTz is the Pauli matrix and 
v,w G (0;1). By calculations, the smallest eigenvalue of ly/p-^l is equal to 
— v)(l — w) /2 = Fi{p,uj). As a result of amplitude damping, the outputs 
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p' = (l/2){l + t;'(Tj and J = (1/2){1 + w'crj have the Bloch vectors (0,0,1;') 
and (0,0, u;') respectively, where 



in line with Eq. By analogy, we get Fi(p',Lj') = ^(1 - v'){\ - w')/2. It 

is easy to check that (except w = 1 and w — 1) 



and, therefore, Fi{p',uj') < Fi{p,u;). The violation of Eq. ([5^ is natural 
because the amplitude damping channel is not unistochastic. Meanwhile, partial 
fidelity Fi can be increased under action of amplitude damping. The maximally 
mixed state p» = 1/2 is transformed into p" = (1/2){1 + 'JCTz}. We also take 
state = (1/2){1 — aa^} with a — 7/(1 — 7) so that it is mapped into 
the maximally mixed state, i.e. u" = 1/2. To provide a < 1, we assume 
that 7 < 1/2. By simple calculations, we get Fi(p*,ti;,) = — 0/2 and 
Fi{p" ,io") = VI - 7/2- It is clear that 7 < a and Fi{p",uj") > Fi{p^,uj^) as 
claimed. Thus, the monotonicity of partial fidelities is violated under the action 
of some stochastic maps. As it is shown in Ref. ^7\, the partitioned trace 
distances cannot increase under quantum operations of certain kind including 
bistochastic maps. Similarly, the partial fidelities are monotone with respect to 
subclass of trace-preserving quantum operations. 

6 Conclusion 

We have analyzed some important properties of Uhlmann's partial fidelities. 
The equality of the standard fidelity for two pairs of density operators does 
not imply their unitary equivalence. It is for this reason that the partial fideli- 
ties were introduced by Uhlmann. We have obtained simple bounds on A:-th 
partial fidelity. Quantum-classical relations are considered in terms of quan- 
tum measurement. Like usual fidelity, this gives a statistical interpretation for 
partial fidelity. The relationship with partitioned trace distances is obtained. 
Our reasons are significantly based on the Ky Fan maximum principle and its 
consequences. In a certain sense, the partial fidelities are sub-multiplicative. It 
is shown that any partial fidelity cannot decrease under unistochastic quantum 
operation. That is, it enjoys monotonicity. In general, however, the partial 
fidelities are not monotone. The derived properties allow to lighten work with 
the partial fidelities. 
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